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Abstract: Objectives: Linear regression model is a basic model in the field of geodesy. To consider the
structure of the coefficient matrix with the fixed column, the mixed least squares and total least squares
method is implemented. However, it is easily contaminated by outliers. The M-estimator results depend on
the initial value and are extremely prone to convergence badly. To increase the robustness, we propose two
algorithms with high breakdown points for linear regression errors—in-variables (EIV) models, namely, the
weighted total least median of squares (WTLMS) method and the weighted total least trimmed squares
(WTLTS) method. Methods: The two algorithms are extensions of traditional algorithms and use a more
general stochastic model. Their breakdown points are near 50% and the two algorithms have two equivariant
properties: scale equivariance and affine equivariance. The estimation formula of variance components is
given. Since their objective functions are not differentiable, WTLMS and WTLTS get the solutions by the
resampling algorithm and the feasible set algorithm in the EIV model respectively. Results: The results
show that: (1) The result of the M—estimator is biased heavily from the real line, while the two proposed al-
gorithms can obtain results close to the true value. Their performances are significantly better than M—esti-

mator in terms of root mean square error and standard deviation. The efficiency of the two algorithms is not
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high, which can be further improved when the results of the two algorithms are used as the initial value of

the M-estimator. The breakdown points of the two algorithms are close to 50% in the real data, which is

extremely robust. (2) In the experiment of the LiDAR data, the performance of the proposed methods is

better than that of the M—estimator. Conclusions: The two proposed algorithms have outstanding robust-

ness, but their complexities are high and their efficiency is not ideal. We will focus to find an easy solution

with higher efficiency.

Key words: weighted total least median of squares; weighted total least trimmed squares; errors—in—variables

model; breakdown point; linear regression
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R1 MAHENSHMGETENSEITER

Table 1  Statistics of Estimated Parameters Without Outliers

bR a, o, o, e,/ % a, o, 0., €./ % 6o
1 —0.999 58 0.008 12 0.008 13 100 4.999 53 0.023 28 0.023 28 100 0.040 15
2 —0.999 14 0.008 82 0.008 87 84.0 4.999 09 0.026 68 0.026 69 76.1 0.039 88
3 —1.001 12 0.018 11 0.018 15 20.1 4.997 66 0.050 20 0.050 25 21.5 0.038 97
4 —1.001 38 0.015 54 0.015 58 27.2 5.006 15 0.045 04 0.045 08 26.7 0.039 06
5 —0.999 32 0.009 32 0.009 34 76.1 4.999 45 0.028 36 0.028 37 67.4 0.040 36
6 —0.999 09 0.008 90 0.008 94 82.7 4.999 11 0.026 66 0.026 67 76.3 0.039 01

x2 MANHERSHMITENSITER

Table 2 Statistics of Estimated Parameters with Outliers

Fk a o, d,, a, o, [ 6o
1 —1.108 74 0.03578 0.114 48 5.442 08 0.12593 0.459 67 0.190 42
2 —1.042 09 0.061 01 0.074 12 5.164 68 0.237 22 0.28878 0.056 53
3 —1.000 38 0.020 75 0.020 77 5.00173 0.057 73 0.057 76 0.041 22
4 —1.001 65 0.017 68 0.017 74 5.006 95 0.048 70 0.048 73 0.040 63
5 —1.001 67 0.013 46 0.013 56 5.006 97 0.046 04 0.046 57 0.039 36
6 —1.002 78 0.014 28 0.014 55 5.010 79 0.050 09 0.051 24 0.041 69
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Fig. 2 Statistics of Estimated Parameters Under Different Contamination Rates

AR R 600 m, #5115 [ 100" X 3607, ik H
— A H s (B SLLHERT /R , Bt 3 5614 ) iff 4T
ST LA, DR A R A E 4 R R A S R B v
KL 20% M 2 o XHZECE (7 ik 1~4 i
A7 T8 40 G, v O8I SR B A B R A
RME 4R RS =5 K, WTLMS
i 5 K E R FER BN N, =1 000,

K3 Kl 3 1 i 1A
Fig. 3 Scanning Results of the Campus

HE4A (DN FmlEG48 R R,
mixed LS-TLS 32 FHH 22 19 5% |, Al 31 45 )™ &
KE,RWTLS B4R B4 — & il (21 5
o B S A 22, WTLMS Fl WTLTS 15 %
FRAE A P05 S TH , 2R WA SO 9 9 15 T Y R A
BT VR ik 200 5 (2) TH5 A Fh 7 ik (i 5
7 BCH 3R 22, 40 5 R 0.789 6 m, 0.517 3 m,
0.006 1 m #10.005 3 m, A] LLFH H ik 1 ik 2
LA RE R 22 . B IRk 22 K T 3f5 hiR 221
MbRie MLt aT LA Bk LRk 2 Rk A
DX 531 T 0L A R OREL 22 T AR SO YA BR T L)

y 0 y
-1 o 1 2 3 -1 o 1 2 3
X pe

ONTIHPRER L @ KTIETREN L WUEHI P
P4 ARIrEa 4R
Fig. 4 Fitted Results by 4 Methods

B BT AT B I RO A 22 3 U Y e e —
SO 2% SR TR SCROE RO AR 0 R B NI,
AR SO AE A ALY 58 = B0t b e 45 21 n] ¢
F14 - T U 45

4 % iE

M A T 9 R 34 AE T A v 1 o 58 280 3 R 1
Y ik B SR A2 22 dE R 22 FTAT 0L I AR A
PR 5 e, HG i 15 0 e S 0F AN &, R O AR S 4
PR M Tl U5 A ETV AR Y B A
05 g M Ah F Bk, B WTLMS Al 3 #in
WTLTS AT 4% 30408 W0 35 32 1) 46 A8 1k g



%50 &5 14

FEARTEAE PR IE T IR0 BTV AT Y o A 5t

5 e R 81

WE AT EA 50% Wk i s Ye R . R AR SC

LAY H bR R

BONTL S SR B A B AR X6 MAS

TR o S R YRR Ok B R R AR

fa bk, ar UL AR S W 45 & Ml —

WA

M B AT RCRE L AT S R 0 1 ROR
A R R T — 9T 0 07

[1]

[2]

[3]

[6]

[7]

[8]

2 £ X
XN R, B SC%E, s IR N IR A B T
FEib [T RIK M (5 BR# M), 2013, 38

(5): 505-512.

LIU Jingnan, ZENG Wenxian, XU Peiliang. Over-
view of Total Least Squares Methods[J]. Geomatics
and Information Science of Wuhan University,
2013, 38(5): 505-512.

ERE, P, . B TR R RN TR
Rk Wl A AR (1], sSRBUR 22 i (5 B Rk
J2) , 2008, 33(5): 504-507.

LU Tieding, TAO Benzao, ZHOU Shijian. Modeling
and Algorithm of Linear Regression Based on Total
Least Squares[ J]. Geomatics and Information Scien-
ce of Wuhan University, 2008, 33(5): 504-507.
WANG B, YU J, CHEN Y, et al. Efficient and
Robust Solution to Universal Symmetric Transfor-

mation for 3-D Point Sets [J]. IEEE Transactions

on Geoscience and Remote Sensing, 2022, 60:
1-15.
Bz, XI@ s, R, 5. BT8R/ ok

E@%%ﬁ%,ﬁz:?&ﬁqzﬁﬂé[ﬂ. R H I & 5 4 Bk Sy
J1%:, 2011, 31(5): 80-83.

GUAN Yunlan, LIU Shaotang, ZHOU Shijian, et
al. Robust Plane Fitting of Point Clouds Based on
TLS [J].
2011, 31(5): 80-83.
AMIRI-SIMKOOEI A R,

Journal of Geodesy and Geodynamics,

JAZAERI S. Data-
Snooping Procedure Applied to Errors-in—Variables
Models [J]. Studia Geophysica et Geodaetica,
2013, 57(3): 426-441.

WANG B, LIJC, LIU C. A Robust Weighted To-
tal Least Squares Algorithm and Its Geodetic Appli-
cations [J]. Studia Geophysica et Geodaetica,
2016, 60(2): 177-194.

FEORR , AR Ab . A A SR e/
22kt 2014, 43(9): 888-894.
GONG Xunqiang, LI Zhilin. A Robust Weighted
Total Least Squares Method[J]. Acta Geodaetica et
Cartographica Sinica, 2014, 43(9): 888-894.
IE, BB —FRH IGGITr R @R &
SRR/ T [T RBUR %4 (fF ARk

Ferk[T].

[9]

[12]

[13]

[14]

i), 2014, 39(4): 462-466.
GONG Xungiang, LI Zhilin. A Robust Mixed LS-
TLS Based on IGGII SchemelJ]. Geomatics and In-

formation Science of Wuhan University, 2014, 39

(4): 462-466.

XU, M, OGHE, A =2 A bR e Y e 20—k
IR SRR AR R T 22 M ik [T, iDUR 2 i (fiF B
BH#MR) L 2018, 43(9): 1320-1327.

LIU Chao, WANG Bin, ZHAO Xingwang, et al.
Three-Dimensional ~ Coordinate  Transformation
Model and Its Robust Estimation Method Under
Gauss—Helmert Model [ J].
tion Science of Wuhan University, 2018, 43(9) :
1320-1327.

, MR, XS, &L 2R B AR
/J\~%¥%ﬁ¥£[ﬂ BUREE R (F ERE D
2019, 44(8): 1241-1248.

LI Sida, LIU Lintao, LIU Zhiping, et al. Robust
Total Least Squares Method for Multivariable EIV
Model [J].
Wuhan University, 2019, 44(8): 1241-1248.
PR, ROOEAE, Wb SR TR AL BRI 22 B
PR g/ R A 7], W22 224, 2016, 45(3) -
297-301.

TAO Yeqing, GAO Jingxiang, YAO Yifei. Solu-

Geomatics and Informa-

Geomatics and Information Science of

tion for Robust Total Least Squares Estimation
Based on Median Method [J].
Cartographica Sinica, 2016, 45(3): 297-301.
ROUSSEEUW P J, LEROY A M. Robust Regres-
sion and Outlier Detection[ M]. New Work: Wiley,
1987.

FANG X, ZENG W X, ZHOU Y J, et al.

Acta Geodaetica et

On the
Total Least Median of Squares Adjustment for the
Pattern Recognition in Point Clouds [J]. Measure-
ment, 2020, 160: 107794.

LU Z P,SUIL F. The BAB Algorithm for Computing
the Total Least Trimmed Squares Estimator [J].
Jowrnal of Geodesy, 2020, 94(12): 110.

ZHOU Y, FANG X. A Mixed Weighted Least
Squares and Weighted Total Least Squares Adjust-
ment Method and Its Geodetic Applications[J]. Sur-
vey Review, 2016, 48(351): 421-429.
FANG X. Weighted Total Least Squares:
sary and Sufficient Conditions, Fixed and Random

Journal of Geodesy, 2013, 87:

Neces-

Parameters [J].
733-749.
HAWKINS D M. The Feasible Set Algorithm for
Computa-
16 (1) :

Least Median of Squares Regression [J].
tional Statistics & Data Analysis, 1993,

81-101.



82

BOBR 2 (R

ISR Y

202541 H

[18]

[21]

[22]

RUPPERT D. Computing S Estimators for Regres-
sion and Multivariate Location/Dispersion[J]. Jour-
nal of Computational and Graphical Statistics, 1992,
1(3): 253.

ROUSSEEUW P J, VAN DRIESSEN K. A Fast
Algorithm for the Minimum Covariance Determinant
Estimator[J]. Technometrics, 1999, 41(3): 212.
YANG L,SHEN Y Z,LI B F. M-Estimation Using

Unbiased Median Variance Estimate [J]. Jowrnal of

Geodesy, 2019, 93(6): 911-925.

XIFRB, £U, MW, & BT P A SEEM N
U1 BT 22 AR AR e/ ARk [T]. DR
(5 ERHERR) , 2019, 44(3): 378-384.

LIU Chunyang, WANG Jian, WANG Bin, et al.
Robust Weight Total Least Squares Algorithm of

Correlated Observation Based on Median Parameter

Method [J]. Geomatics and Information Science of

Wuhan University, 2019, 44(3): 378-384.
XU P L. Sign-Constrained Robust Least Squares,

Subjective Breakdown Point and the Effect of

[23]

Weights of Observations on Robustness[J]. Journal
of Geodesy, 2005, 79(1): 146-159.

YOHATI V J. High Breakdown-Point and High Effi-
ciency Robust Estimates for Regression[J]. The An-
nals of Statistics, 1987, 15(2): 642-656.
MARONNA R A, MARTIN R D, YOHAT V J.
Robust Statisticsf M]. New Work: Wiley, 2006.
DONG Z, YANG B S, LIANG F X, et al. Hierar-
chical Registration of Unordered TLS Point Clouds
Based on Binary Shape Context Descriptor [J]. IS-
PRS Journal of Photogrammetry and Remote
Sensing, 2018, 144 61-79.

A, U, T DL AU S 2 4
AR A e /D AT A A AT (T]. R M
ek 3 712, 2014,34(3) : 95-98.

CANG Guihua, LI Mingfeng, YUE Jianping.
Study on Point Clouds Plane Fitting with Weighted
Total Least Squares Based on Incidence Angle
Weighting[J]. Jouwrnal of Geodesy and Geodynamics,
2014, 34(3): 95-98.



